Suppose M is a closed, connected, orientable, irreducible 3-manifold such that G = 1 (M) is in nite. One consequence of Thurston's geometrization conjecture is that the universal covering space f M of M must be homeomorphic to R 3 . This has been veri ed directly under several di erent additional assumptions on G. ( ) in an attempt to show that they cannot cover compact 3-manifolds. The author showed in 14] that genus one Whitehead manifolds (those which are monotone unions of solid tori) cannot admit any non-trivial such action. Wright generalized this in 21] to the class of eventually end-irreducible Whitehead manifolds, a class which includes all those which are monotone unions of cubes with a bounded number of handles. Tinsley and Wright 18] then gave speci c examples of non-eventually end-irreducible Whitehead manifolds which admit no such actions. They also gave a counting argument which shows that there must exist Whitehead manifolds which are in nite cyclic covering spaces of other non-compact 3-manifolds but cannot cover compact 3-manifolds. However, their argument does not provide any speci c such examples. In this paper we present a general method for analyzing torsion free groups G of covering translations on certain Whitehead manifolds W and use it to provide speci c examples of this type.
The method is based on a result of Geoghegan and Mihalik 4] which implies that there is an isomorphic image of G in the mapping class group H(W) of W. The examples are constructed so that every torsion free subgroup of H(W) which is isomorphic to the fundamental group of a closed, irreducible 3-manifold M must be a group for which it is known that f M must be homeomorphic to R 3 . The paper is organized as follows. Section 2 sets up the application of the Geoghegan-Mihalik theorem to the problem. Section 3 describes the general structure of the examples and gives three properties which together imply that the mapping class group has the appropriate structure. The examples are all obtained by taking a contractible non-compact 3-manifold V whose boundary consists of two disjoint planes, gluing these planes together to get a 3-manifold with in nite cyclic fundamental group, and then letting W be its universal covering space. It is thus a union of copies V i of V stacked end to end such that V i \ V i+1 is a plane E i .
The rst property is that none of the E i are \trivial" in W and no two distinct E i are parallel in W. The second property is that every element of H(W) has a representative which preserves this family of planes. The third property is that H(V ) is a torsion group with a bound on the orders of its elements. Section 4 quotes results of 16] and 17] to give conditions on V which imply the rst two properties. Section 5 describes conditions on an exhaustion of V which imply the third property. Section 6 gives speci c examples of such exhaustions. 
. Then K has index at most two in 1 (M) and contains A. If (K) is non-trivial, then K has in nite abelianization and so we are done by Waldhausen. If (K) is trivial, then A lies in the center of K, and so we are done by the Seifert bered space conjecture. 3 . The Construction and Main Theorem Construction 3.1. Let V be an irreducible, contractible, non-compact 3-manifold such that @V consists of two disjoint planes E and E 0 . Let V be the 3-manifold obtained by identifying E with E 0 by an orientation reversing homeomorphism. Let E be the image of E in V . Let p : W ! V be the universal covering space of V . Let fE i g be the set of components of E = p ?1 (E ). Let fV i g be the set of copies of V into which E splits W. Index so that V i \ V i+1 = E i . (W), let ( (g)) be the automorphism of ? determined by the isotopic homeomorphism h provided by (2) . One sees that this is well de ned as follows. By Theorem 5 of 20] disjoint, ambient isotopic, non-trivial, end-proper planes in an irreducible 3-manifold are parallel. Hence by (1) distinct E i and E j are not ambient isotopic. If k were a homeomorphism isotopic to g which determined a di erent automorphism of ?, then k and h would send some E i to di erent planes; hence these planes would be ambient isotopic.
There is an obvious epimorphism : We may assume that f(C 0 ) Int C 1 , C 1 Int f(C 2 ), and f(C 2 ) Int C 3 .
Since C 3 ? Int C 1 is a product S C 3k+1 , C 3k+2 , and C 3k+3 for k 1 to get an isotopy of f rel R 2 f0; 1g taking f to a homeomorphism which carries each C 3k+2 to itself.
Thus we may assume that f(C n ) = C n for all n. The restriction of f to F n is then isotopic rel @F n to a Dehn twist ('; s) = (' + 2 k n s; s), where ' is the angular variable in S Then V is strongly aplanar and anannular at 1, and H(V ) is a torsion group with a bound on the order of its elements. Proof. Condition (1) and Proposition 4.3 imply the statement about V . We next prove a special case of the statement about H(V ). Lemma 5.3. There is an L > 0 such that if g is an orientation preserving homeomorphism of V for which g(C n ) = C n for all n, then g L is isotopic to the identity. Proof. By Proposition 27.1 of 10] the mapping class group of an excellent 3-manifold is nite. Let L = jH(X 1 )j jH(X 2 )j. So g L j X n+1 is isotopic to the identity. Since @X n+1 has genus greater than one the isotopy can be chosen so that it preserves F n , F n+1 , A The remainder of the proof shows how to reduce to the special case. Let M n;n+q = X n X n+1 X n+q . Conditions (3) and (4) imply that for a xed q there are only nitely many homeomorphism types of such manifolds. By Lemma 2.1 of 15] each M n;n+q is excellent. Let F be a torus with two holes. Any collection of disjoint, non-contractible, non-@-parallel, mutually non-parallel simple closed curves on F has at most two elements.
There is a result of Haken which states that given an excellent 3-manifold M and an integer k, there are, up to isotopy, only nitely many proper, incompressible, @-incompressible surfaces S in M with (S) k. A proof of this theorem for the special case in which M is closed is given as Corollary 2.3 of 9]. The proof of the general case is a straightforward generalization of that proof. We apply this result to conclude that there is an integer H(M) such that any collection of proper, incompressible, @-incompressible, mutually non-isotopic surfaces in M each of which is homeomorphic to F must have at most H(M) elements. Let H = max H(M n?3;n+4 ) for n 4. Now let g be an orientation preserving homeomorphism of V . There exist q > p > 0 such that for 0 t H one has g t (C 0 ) C p and g ?t (C p ) C q . Consider n maxfq; p + 4g. Then g t (F n ) is an incompressible surface F in V ? Int C p . Isotop F in V ? Int C p so that @F misses @F k for all k > p and among all such surfaces F meets k>p F k in a minimal number of components. Claim 1. F \ (X n X n+1 ) 6 = ;. If not, then one can extend g t to a homeomorphism f of U such that f(K n ) K n+1 or f(K n ) K n?1 . Since the Y k+1 are excellent it follows from Lemma 3.3 of 14] that f can be isotoped so that f(K k ) = K k+s for some s 6 = 0 and all su ciently large k. In particular by (5) . The irreducibility and @-irreducibility of X n?3 and X n+4 allow one to remove all intersections with this surface. The portion of @D not in F then lies in an annulus whose centerline is a component of @F and so @D can be isotoped into F, to which we then apply incompressibility.
We now have H + 1 incompressible, @-incompressible, homeomorphic surfaces in M n?3;n+4 consisting of the isotopes of F n , g(F n ), : : : , g H (F n ). At least two of these are isotopic. Hence g t (F n ) is isotopic to F n for some t, 0 t H. Thus g H! (F n ) is isotopic to F n . Note that this isotopy can be chosen to have compact support contained in V ? Int C p .
We next choose a sequence n 0 < n 1 < n 2 < such that the isotopies of g H! (F n k ) to F n k have disjoint supports. Thus we can perform a single isotopy which simultaneously performs this sequence of isotopies. Let S n denote the image of g H! (F n ) under this isotopy; thus S N k = F n k .
We now consider n k < n < n k+1 . We may assume that @S n = @F n . The embedding maps of S n and F n are homotopic in V ? Int C p by a homotopy under which the image of the boundary is in @V ? (@V \ C p ). We may arrange for the homotopy to be xed on @S n . We claim that it may be chosen so that its image lies in M n k ;n k+1 . Choose a collection of disjoint proper arcs in S n which cut it into disks. Then use the incompressibility of F n k F n k+1 to modify the homotopy so that the images of these arcs miss this surface. Finally use irreducibility to extend the homotopy over the disks in S n . It then follows from Corollary 5.5 of 19] that S n and F n are isotopic in M n k ;n k+1 . Continuing in this fashion one gets that g H! is isotopic to a homeomorphism which carries C n to itself for all su ciently large n. By Lemma 5.3 we have that g L H! is isotopic to the identity of V . 6 . Specific Examples Theorem 6.1. There are speci c examples of Whitehead manifolds each of which non-trivially covers another non-compact 3-manifold but does not cover a compact 3-manifold. Proof. Figure 1 shows a 4-component tangle in a 3-ball B called the true lover's 4-tangle. In 13] it is proven that the exterior of is excellent. The exterior of the graph in Figure 2 is homeomorphic to the exterior of . By deleting two arcs from we obtain the 2-tangle in Figure 3 which is equivalent to the union of the second and third components of . It follows immediately from the proof of Proposition 4.1 of 12] that the exterior of is excellent.
We now identify the disks which constitute the left and right sides of the rectangular solid B in order to obtain a solid torus K. This is done so that becomes If one changes the sense of the central clasp in the gures by changing the two overcrossings to undercrossings, thereby obtaining a new and , then the same arguments show that their exteriors in K are also excellent. We denote the old and new versions by the subscripts 1 and 2, respectively.
We claim that there is no orientation preserving homeomorphism from the exterior of 1 to the exterior of 2 which carries`to `. If not, then one could extend the homeomorphism to the exteriors of these knots in S 3 . But the two knots are the knots 8 5 Now let L i be a regular neighborhood of i in K. Let N 1 and N 2 be as in Theorem 5.2(5), for example taking N 2 to be the set of positive integers of the form 2 r > 1 and N 1 those not of this form. We construct a genus one Whitehead manifold U with exhaustion fK n g by using as models for (K n+1 ; K n ) the pairs (K; L i ) where n + 1 2 N i . The graphs 1 and 2 provide the arcs j n+1 . It is then easily checked that the construction can be carried out so as to satisfy the hypotheses of Theorem 5.2, and so the conclusion follows from Theorem 3.2. One can also vary the choice of N 1 and N 2 and apply Lemma 3.3 of 14] to obtain uncountably many non-homeomorphic such examples.
